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Give complete and detailed answers, do not just quote a result from which a
solution may follow.

1. Show from the first principles, f : [0, 1] × [0, 1] → R defined by
f(x, y) = x2 + y2 is integrable.

2. Let I be the unit cube in R3. Let f : I → R be a bounded function
such that f(x, y, z) = 0 for x, y, z ∈ (0, 1). Show that f is integrable
and I

RRR
f=0.

3. Let D = {(x, y) ∈ R2 : x2 + y2 ≤ 1}. Let R be any rectangle containing
D. Let f : R→ R be defined by

f(x, y) = 1 if x2 + y2 ≤ 1

= 0 if x2 + y2 > 1.

For any partition

P =

{
(xi, yj) : 0 ≤ i ≤ n

0 ≤ j ≤ k

}

of the rectangle, show that

U(P, f)− L(P, f) =
∑∑

(i,j)∈S
(xi − xi−1)(yj − yj−1)

where S = {(i, j) : [xi−1, xi] × [yj−1, yj] has a non-empty intersection
with D as well as with R\D}.

4. Let D =

{
(x, y) ∈ R2 : −2 ≤ x ≤ 2 and 0 ≤ y ≤

√
(4−x2)

2

}
. Let

f : D → R be defined by f(x, y) = y. Show that f is integrable
and compute

∫ ∫
D

f .

5. Define the notion of a set of content zero in R3. Show that D =
{(x, y, sin(x+ y)) : 0 ≤ x, y ≤ π} is a set of content zero.


